Using a variational method, we derive an exact upper bound for one-magnon excitation energy in ferromagnetic spinor gases, which limits the quantum corrections to the effective mass of a magnon to be positive. We also derive an upper bound for one-magnon excitation energy in lattice systems. The results hold for both Bose and Fermi systems in d dimensions as long as the interaction is local and invariant under spin rotation.
I. INTRODUCTION
Effective mass is one of the important concepts in condensed-matter physics. This appears in various systems, such as particles in a periodic potential [1] , Fermi liquid [2] , and polaron problems [3] . Since the effective mass reflects not only the effects of static structures of systems but also dynamical processes between particles, it is a key quantity to understand the many-body physics.
Here, we focus on the problem of whether the interactions between particles increase or decrease the effective mass compared with the mass of a bare particle. Liquid 3 He [2] and f -electron systems [4] are examples that the effective mass is heavier than the bare mass. Conversely, the effective mass is lighter than the bare mass in a highdensity electron gas [2, 5] and a polaron system [6] . Thus, it is not obvious that the effective mass is increased or decreased by quantum many-body effects.
Ultracold atomic gases are suitable systems for exploring many-body physics owing to their high experimental controllability [7] . In particular, ultracold atomic gases with spin-degrees of freedom have intriguing features originating from superfluidity and magnetism, which have been extensively explored [8, 9] since the experimental realization of spinor Bose-Einstein condensates (BECs) [10] [11] [12] [13] [14] [15] [16] . In the recent experiment performed by the Berkeley group [17] , the magnon (spin-wave) dispersion and its effective mass in the spin-1 ferromagnetic BEC were precisely measured. The technique of high-precision measurement opens up the opportunity to study the spin-wave excitations in the spinor gases. According to the mean-field prediction for the magnon excitation, its dispersion is the same as that of the free particle [18, 19] . This indicates that the effective mass of the magnon is the same as the atomic mass at the meanfield level. However, the observed effective mass of the magnon is heavier than that of the atomic mass [17] .
In this paper, using a simple variational method, we derive a restriction on the effective mass of a magnon in the ferromagnetic spinor gases: the effective mass is * E-mail address: kunimi@hs.pc.uec.ac.jp never decreased by the quantum many-body corrections as long as the interactions between particles are local and invariant under spin rotation. We also derive the upper bound for the magnon dispersion relation in a lattice system. These results hold for both Bose and Fermi systems in d dimensions.
II. CONTINUOUS SYSTEMS
We consider spin-f bosons or fermions in a ddimensional space. The field operator is denoted bŷ ψ m (r), where m = −f, −f + 1, · · · , f represents a magnetic sublevel. The field operators satisfy the boson or fermion canonical commutation relations, nematic-tensor operator. The interaction Hamiltonian is defined by [8] 
where F = 0, 2, · · · , 2⌊f ⌋ and M = −F , −F + 1, · · · , F are the total spin and its z component of two colliding particles, respectively, ⌊·⌋ is the floor function, g F is the coupling constant for the spin-F channel [20] , A F M (r) is the pair annihilation operator with the spin state (F , M) at position r, and F , M|f, m; f, m ′ is the Clebsch-Gordan coefficient. The total particle number, the total momentum, and the z component of the total magnetization are the conserved quantities: 
In this state, all N particles occupy the magnetic sublevel m = f , i.e., the fully spin-polarized ferromagnetic state. H k SW is spanned by the eigenvectors of the Hamiltonian {|Ψ
where k is the wave number of a spin wave. In H k SW , N − 1 particles occupy the magnetic sublevel m = f , and one particle occupies m = f − 1.
We assume that the ground state |g.s. is the fully ferromagnetic state, i.e., |g.s. is the lowest-energy eigenstate in H F , where |g.s. is normalized as g.s.|g.s. = 1. The ground-state energy is denoted by E 0 . We define the one-magnon excited state |e.s. as the lowestenergy eigenstate in H k SW , where |e.s. is normalized as e.s.|e.s. = 1. The eigenenergy of the one-magnon excited state is denoted by ǫ
A similar definition of the spin-wave excitation is used in Refs. [21, 22] .
A. Magnon excitation at the nean-field level
Before presenting our results, we show that the magnon excitation energy for spin-f bosons is the same as the dispersion of a free particle in the mean-field approximation. For simplicity, we consider the case of p = q = 0. The Heisenberg equation for the field operator is given by
In the mean-field approximation [18, 19] , the system is described by the Gross-Pitaevskii equation, which is determined by replacing the field operatorψ m (r, t) in Eq. (11) with the condensate wave function Ψ m (r, t):
The ferromagnetic solution is given by Ψ m (r,
is the chemical potential and n 0 is the particle density. Substituting (12) and neglecting the higher-order terms of δΨ m (r, t), we obtain the equation of motion for the m = f − 1 component:
where we used C
. This equation yields the magnon excitation energy ǫ
, which is the same as the dispersion relation of a free particle.
B. Result 1 (continuous systems)
The one-magnon excitation energy ǫ SW k satisfies the following inequality:
where
is the free-particle energy. In the long-wavelength limit, we can expand ǫ
, where M * is the effective mass of the magnon. Therefore, Eq. (14) gives the inequality
Thus, the effective mass never becomes lighter than the bare atomic mass. Since the upper bound in Eq. (14) coincides with the excitation energy of the noninteracting systems, the contact interaction always enhances the effective mass of the magnon.
C. Proof of result 1
Our strategy for proving Eq. (14) is based on a variational method. We note that a similar method was used in Ref. [23] for two-component Bose systems with SU(2) symmetry. For |Ψ ∈ H k SW , we can show that the following inequality holds:
Here, we take |Ψ ≡F − (−k) |g.s. as a trial wave function, where
To calculate the numerator of Eq. (17), we first consider the case of p = q = 0. In this case, the equation of continuity for the magnetization is given by [24] 
in the Heisenberg representation, whereĴ
is the spincurrent operator. As in the case of the derivation of the f -sum rule [2] , the equation of continuity in the k space and the Heisenberg equation forF − (k, t) gives
. The detailed calculations of the interaction terms are shown in the Appendix A. After some algebra, we obtain the numerator of Eq. (17) as
where we used M drĴ 
We thus obtain the upper and lower bounds for p = q = 0: 0 ≤ ǫ
k . The case of p = 0 and q = 0 can be derived as follows. WhenĤ LZ andĤ QZ act on the state vector belonging to the Hilbert subspace H F or H k SW , they reduce to −pf N and qf 2 N for H F and −p(f N − 1) and q(f 2 N − 2f + 1) for H k SW . Therefore, the linear and the quadratic Zeeman terms lift only the eigenenergy. The increase in the eigenenergy is given by e.s.|Ĥ LZ + H QZ |e.s. − g.s.|Ĥ LZ +Ĥ QZ |g.s. = p−(2f −1)q. Therefore, we obtain the inequality (14) . The result in the presence of the uniform magnetic field is due to the fact that a magnon in the magnetic field is the massive NambuGoldstone mode [25] [26] [27] .
III. LATTICE SYSTEMS
We next consider the spin-f bosons or fermions in d-dimensional lattice systems. The annihilation (creation) operator at the lattice site R is denoted bŷ a R,m (â † R,m ), which satisfies the commutation relations The single-band Hubbard Hamiltonian of the system is given bŷ
where t R,R ′ = t R ′ ,R ∈ R is the hopping parameter depending only on the distance |R − R ′ |, ǫ(k) is the bare band dispersion,M α ≡ RF α (R) is the total magnetization operator, andN αβ ≡ RN αβ (R) is the total nematic-tensor operator. The interaction Hamiltonian is defined byĤ
whereg F is the interaction strength of the spin-F channel andÂ F M (R) ≡ m,m ′ F , M|f, m; f, m ′ â R,mâR,m ′ is the pair annihilation operator of the spin state (F , M) at site R. We note that the total particle number operatorN ≡ Rn (R), the z component of the total magnetization operatorM z , and the translation operatorT R commute withĤ, whereT R satisfies the relation 
k SW , respectively. We assume that the ground state |g.s. is the lowest-energy eigenstate in H F , normalized as g.s.|g.s. = 1, and its energy is E 0 . We also assume that the one-magnon excited state is the lowestenergy eigenstate in H k SW with an energy ǫ SW k + E 0 .
A. Result 2 (lattice systems)
The one-magnon excitation energy satisfies
withn k,m ≡b † k,mb k,m . In the long-wavelength limit,ǫ(k) can be expanded as
[m *
where we assume the space-inversion symmetry of the system and m * ij (k) is an effective mass tensor. The upper bound in Eq. (27) reflects the bare band dispersion, in contrast to the uniform continuous systems. This is due to the lack of the continuous translational symmetry of the system. We note that a similar situation appears in the f -sum rule for lattice systems [28] .
B. Proof of result 2
The proof is almost the same as that for the continuous systems. In Eq. (16), we take |Ψ ≡F − (−k) |g.s. , wherê
− (R). The upper bound of the lattice systems is given by the same expression as the continuous systems (17) .
As in the case of the continuous systems, we first consider the zero magnetic field p = q = 0. The commutator [Ĥ,F − (−k)] and its double commutator are calculated to be
[
Using the expectation values for the ground state, g.s.|n k,m |g.s.
The denominator in Eq.
= 2f N , which is the same as that of the continuous systems.
The upper and lower bounds for lattice systems at the zero magnetic field thus become 0 ≤ ǫ SW k ≤ǫ(k). In a manner similar to that in the continuous systems, the magnetic field lifts only the eigenenergy. Therefore, we obtain inequality (27) .
IV. CONCLUDING REMARKS
We have derived the exact upper bound of the onemagnon excitation energy for the ferromagnetic spinor Bose and Fermi gases in both continuous and lattice systems, respectively. This result holds for arbitrary spin and spatial dimensions under the following assumptions: (i) the ground state is fully spin polarized and has zero (crystal) momentum, (ii) the Hamiltonian has continuous (discrete) translational symmetry in continuous (lattice) systems, and (iii) two-body interaction is the s-wave contact one and is isotropic in spin-space. Since our results are based on the local spin-conservation law, analogous to the f -sum rule due to the particle number conservation [2] , the inequality (14) is one of the universal properties of the ferromagnetic spinor gases. Inequalities (14) and (15) serve as a check for the validity of quantum many-body corrections. We note that the quantum many-body correction to the magnon mass recently calculated in Ref. [29] satisfies inequality (14) .
From inequality (14) , we can conclude that the effective mass of a magnon never becomes lighter than the atomic mass. Since the equality M * = M holds for noninteracting systems, we find that the contact interactions always increase the effective mass of a magnon. If one observes the effective mass of a magnon that is lighter than the atomic mass, its origin is not the isotropic contact interaction but other effects, such as the magnetic dipoledipole interaction, which is long ranged and anisotropic. In fact, we showed that the effective mass of a magnon can decrease due to the magnetic dipole-dipole interaction [30] .
Our results are valid not only for ferromagnetic spinor Bose gases but also for ferromagnetic Fermi gases. In contrast to the spinor Bose gases (see Ref. [31] ), the ferromagnetism in Fermi systems is a generally difficult problem since the ferromagnetic phase is realized in a strongly correlated regime. The Nagaoka state is an example of a fully spin-polarized ground state in the spin-1/2 Hubbard model [32, 33] and SU(N ) Hubbard model [34] . For twocomponent (f = 1/2) Fermi gases, the Stoner instability does not occur due to the competition with the pairing instability [35] . Fermi gases with higher spin have already been realized in the experiments [36, 37] . The ferromagnetic phase transition in the SU(N ) Fermi systems has been theoretically discussed [38] .
Future work is to improve the upper and lower bounds of the excitation energy. Our upper bound (14) does not depend on the interaction strength. An appropriate modification of the trial wave function allows us to incorporate the effect of interactions into the upper and lower bounds, which may corroborate the Beliaev theory [29] . Another prospect will be the upper and lower bounds for the spin-wave excitations in other magnetic phases such as polar and antiferromagnetic phases.
